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Abstract
Here, we introduce a new metric for non-degenerate density operator evolving along unitary orbit and show that this
is experimentally realizable operation dependent metric on the quantum state space. Using this metric, we obtain the
geometric uncertainty relation that leads to a new quantum speed limit (QSL). We also obtain a Margolus-Levitin
bound and an improved Chau bound for mixed states. We propose how to measure this new distance and speed limit
in quantum interferometry. Finally, we also generalize the QSL for completely positive trace preserving evolutions.
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1. Introduction
In recent years, various attempts are being made in
the laboratory to implement quantum gates, which are
basic building blocks of a quantum computer. Perfor-
mance of a quantum computer is determined by how
fast one can apply these logic gates so as to drive the ini-
tial state to a final state. Then, the natural question that
arises is: can a quantum state evolve arbitrarily fast?
It turns out that quantum mechanics limits the evolu-
tion speed of any quantum system. In quantum infor-
mation, study of these limits has found several appli-
cations over the years. Some of these include, but not
limited, to quantum metrology, quantum chemical dy-
namics, quantum control and quantum computation.
Extensive amount of work has already been done on
the subject “minimum time required to reach a target
state” since the appearance of first major result by Man-
delstam and Tamm [1]. However, the notion of quan-
tum speed or speed of transportation of quantum state
was first introduced by Anandan-Aharonov using the
Fubini-Study metric [2] and subsequently, the same no-
tion was defined in ref. [3] using the Riemannian metric
[4]. It was found that the speed of a quantum state on
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the projective Hilbert space is proportional to the fluc-
tuation in the Hamiltonian of the system. Using the
concept of Fubini-Study metric on the projective Hilbert
space, a geometric meaning is given to the probabilities
of a two-state system [5]. Furthermore, it was shown
that the quantum speed is directly related to the super
current in the Josephson junction [6]. In the last two
decades, there have been various attempts made in un-
derstanding the geometric aspects of quantum evolution
for pure as well for mixed states [7, 8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28,
29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43,
44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56]. The
quantum speed limit (QSL) for the driven [53] and the
non-Markovian [52] quantum systems is introduced us-
ing the notion of Bures metric [61]. Very recently, QSL
for physical processes was defined by Taddei et al. in
Ref. [48] using the Bures metric and in the case of open
quantum system the same is introduced by Campo et al.
in Ref. [49] using the notion of relative purity [47]. In
an interesting twist, it has been shown that QSL for mul-
tipartite system is bounded by the generalized geometric
measure of entanglement [50].
It is worthwhile to mention that very recently, an ex-
periment was reported [57], which is the only experi-
ment performed, where only a consequence of the QSL
had been tested and any experimental test of the speed
limit itself is still lacking. In this paper, we introduce
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a new operation dependent metric, which can be mea-
sured experimentally in the interference of mixed states.
We show that using this metric, it is possible to define
a new lower limit for the evolution time of any sys-
tem described by mixed state undergoing unitary evo-
lution. We derive the QSL using the geometric uncer-
tainty relation based on this new metric. We also obtain
a Margolus-Levitin (ML) bound and an improved Chau
bound for mixed states using our approach. We show
that this bound for the evolution time of a quantum sys-
tem is tighter than any other existing bounds for unitary
evolutions. Most importantly, we propose an experi-
ment to measure this new distance in the interference
of mixed states. We argue that the visibility in quantum
interference is a direct measure of distance for mixed
quantum states. Finally, we generalize the speed limit
for the case of completely positive trace preserving evo-
lutions and get a new lower bound for the evolution time
using this metric.
The organization of the paper is as follows. In section
II, we define the metric for the density operator along
unitary path. Then, we use this metric to obtain new
and tighter time bounds for unitary evolutions in section
III, followed by examples in section IV. In section V, we
show that bounds are experimentally measurable. Sec-
tion VI is for generalization of the metric and the time
bounds for completely positive trace preserving(CPTP)
maps followed by an example. Then, we conclude in
section VII.
2. Metric along unitary orbit
Let H denotes a finite-dimensional Hilbert space and
L(H) is the set of linear operators on H. A density
operator ρ is a Hermitian, positive and trace class op-
erator that satisfies ρ ≥ 0 and Tr(ρ) = 1. Let ρ be
a non-degenerate density operator with spectral decom-
position ρ =
∑
k λk|k〉〈k|, where λk’s are the eigen-
values and {|k〉}’s are the eigenstates. We consider a
system at time t1 in a state ρ1. It evolves under a uni-
tary evolution and at time t2, the state becomes ρ2 =
U(t2, t1)ρ1U
†(t2, t1). Any two density operators that
are connected by a unitary transformation will give a
unitary orbit. If U(N) denotes the set of N ×N unitary
matrices onHN , then for a given density operator ρ, the
unitary orbit is defined by ρ′ = {UρU † : U ∈ U(N)}.
The most important notion that has resulted from the
study of interference of mixed quantum states is the con-
cept of the relative phase between ρ1 and ρ2 and the no-
tion of visibility in the interference pattern. The relative
phase is defined by [58]
Φ(t2, t1) = ArgTr[ρ1U(t2, t1)] (1)
and the visibility is defined by
V = |Tr[ρ1U(t2, t1)]|. (2)
Note that if ρ1 = |ψ1〉〈ψ1| is a pure state and |ψ1〉 =
|ψ(t1)〉 → |ψ2〉 = |ψ(t2)〉 = U(t2, t1)|ψ(t1)〉, then
|Tr(ρ1U(t2, t1))|2 = |〈ψ(t1)|ψ(t2)〉|2, which is noth-
ing but the fidelity between two pure states. The quan-
tity Tr[ρ1U(t2, t1)] represents the probability ampli-
tude between ρ1 and ρ2, which are unitarily connected.
Therefore, for the unitary orbit |Tr(ρ1U(t2, t1))|2 rep-
resents the transition probability between ρ1 and ρ2.
All the existing metrics on the quantum state space
give rise to the distance between two states independent
of the operation. Here, we define a new distance be-
tween two unitarily connected states of a quantum sys-
tem. This distance not only depends on the states but
also depends on the operation under which the evolu-
tion occurs. Whether a state of a system will evolve to
another state depends on the Hamiltonian which in turn
fixes the unitary orbit. Let the mixed state traces out an
open unitary curve Γ : t ∈ [t1, t2] → ρ(t) in the space
of density operators with “end points” ρ1 and ρ2. If the
unitary orbit connects the state ρ1 at time t1 to ρ2 at time
t2, then the (pseudo-)distance between them is defined
by
DU(t2,t1)(Γρ1 ,Γρ2)
2 := 4(1−|Tr[ρ1U(t2, t1)]|2), (3)
which also depends on the orbit, i.e., U(t2, t1). We will
show that it is indeed a metric, i.e., it satisfies all the
axioms to be a metric.
We know that for any operator A and a unitary oper-
ator U , |Tr(AU)| ≤ Tr|A| with equality for U = V †,
where A = |A|V is the polar decomposition of A [59].
Considering A = ρ = |ρ|, we get |Tr[ρ1U(t2, t1)]| ≤ 1.
This proves the non-negativity, or separation axiom. It
can also be shown that DU (Γρ1 ,Γρ2) = 0 if and only if
there is no evolution along the unitary orbit, i.e., ρ1 =
ρ2 and U = I . If there is no evolution along the unitary
orbit, then we have U(t2, t1) = I , i.e., trivial or global
cyclic evolution, i.e., ρ2 = U(t2, t1)ρ1U †(t2, t1) = ρ1,
which in turn implies DU (Γρ1 ,Γρ2) = 0. To see the
converse, i.e., if DU(t2,t1)(Γρ1 ,Γρ2) = 0, then we
have no evolution, consider the purification. We have
DU(t2,t1)(Γρ1 ,Γρ2) = 4(1 − |〈ΨAB(t1)|ΨAB(t2)〉|2)
where |ΨAB(t2)〉 = UA(t2, t1) ⊗ IB|ΨAB(t1)〉
such that TrB(|ΨAB(t1)〉〈ΨAB(t1)|) = ρ1 and
TrB(|ΨAB(t2)〉〈ΨAB(t2)|) = ρ2. In the extended
Hilbert space, DU(t2,t1)(Γρ1 ,Γρ2) = 0 implies
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|〈ΨAB(t1)|ΨAB(t2)〉|2 = 1 and hence, ΨAB(t1) and
ΨAB(t2) are same up to U(1) phases. Therefore, in
the extended Hilbert space, DU(t2,t1)(Γρ1 ,Γρ2) = 0 if
and only if there is no evolution. But in the original
Hilbert space there are non-trivial cyclic evolutions for
which DU(t2,t1)(Γρ1 ,Γρ2) 6= 0 in spite of the fact that
ρ1 = ρ2. To prove the symmetry axiom, we show that
the quantity |Tr[ρ1U(t2, t1)]| is symmetric with respect
to the initial and the final states. In particular, we have
|Tr[ρ1U(t2, t1)]| = |Tr[ρ2U(t1, t2)]| = |Tr[ρ2U(t2, t1)]|.
(4)
To see that the new distance satisfies the triangle in-
equality, consider its purificaton. Let ρA(t1) and ρA(t2)
are two unitarily connected mixed states of a quantum
system A. If we consider the purification of ρA(t1),
then we have ρA(t1) = TrB[|ΨAB(t1)〉〈ΨAB(t1)|],
where |ΨAB(t1)〉 = (
√
ρA(t1)VA ⊗ VB)|α〉 ∈
HA ⊗ HB , VA, VB are local unitary operators and
|α〉 = ∑
i
|iAiB〉. The evolution of ρA(t1) un-
der UA(t2, t1) is equivalent to the evolution of the
pure state |ΨAB(t1)〉 under UA(t2, t1) ⊗ IB in the
extended Hilbert space. Thus, in the extended
Hilbert space, we have |ΨAB(t1)〉 → |ΨAB(t2)〉 =
UA(t2, t1)⊗ IB|ΨAB(t1)〉. So, the transition amplitude
between two states is given by 〈ΨAB(t1)|ΨAB(t2)〉 =
Tr[ρA(t1)UA(t2, t1)]. This simply says that the expec-
tation value of a unitary operator UA(t2, t1) in a mixed
state is equivalent to the inner product between two
pure states in the enlarged Hilbert space. Since, in
the extended Hilbert space the purified version of the
metric satisfies the triangle inequality, hence the trian-
gle inequality holds also for the mixed states. Thus,
DU(t2,t1)(Γρ1 ,Γρ2) is a distance in the extended Hilbert
space and a pseudo-distance in the original Hilbert
space. If ρ1 and ρ2 are two pure states, which are uni-
tarily connected then our new metric is the Fubini-Study
metric [3, 2, 60] on the projective Hilbert space CP(H).
Now, imagine that two density operators differ from
each other in time by an infinitesimal amount, i.e.,
ρ(t1) = ρ(t) =
∑
k λk|k〉〈k| and ρ(t2) = ρ(t + dt) =
U(dt)ρ(t)U †(dt). Then, the infinitesimal distance be-
tween them is given by
dD2U(dt)(Γρ(t1),Γρ(t2)) = 4(1− |Tr[ρ(t)U(dt)]|2).
(5)
If we use the time independent Hamiltonian H for the
unitary operator, then keeping terms upto second or-
der, the infinitesimal distance (we drop the subscript)
becomes
dD2 = 4
h¯2
[Tr(ρ(t)H2)− [Tr(ρ(t)H)]2]dt2
= 4
h¯2
[
∑
k λk〈k|H2|k〉 − (
∑
k λk〈k|H |k〉)2]dt2
= 4
h¯2
[
∑
k λk〈k˙|k˙〉 − (i
∑
k λk〈k|k˙〉)2]dt2, (6)
where in the last line we used the fact that ih¯|k˙〉 =
H |k〉. Therefore, the total distance travelled during an
evolution along the unitary orbit is given by
Dtot =
2
h¯
∫ t2
t1
(∆H)ρ dt, (7)
where (∆H)ρ is the uncertainty in the Hamiltonian of
the system in the state ρ and is defined as (∆H)2ρ =
[Tr(ρ(t)H2) − [Tr(ρ(t)H)]2]. Thus, it is necessary and
sufficient to have non-zero ∆H for quantum system to
evolve in time.
3. Quantum speed limit with new metric
We consider a system A with mixed state ρA(0) at
time t = 0, which evolves to ρA(t2) = ρA(T ) under a
unitary operator UA(T ). We define the Bargmann an-
gle in terms of the purifications of the states ρA(0) and
ρA(T ) in the extended Hilbert space HA ⊗HB , i.e.,
|〈ΨAB(0)|ΨAB(T )〉| = cos s02 , where |ΨAB(T )〉 =
UA(T, 0) ⊗ IB |ΨAB(0)〉. It has already been shown
in the previous section that |Tr[ρA(0)UA(T )]| =
|〈ΨAB(0)|ΨAB(T )〉|. Therefore, we can define the
Bargmann angle between ρA(0) and ρA(T ) as
|Tr[ρA(0)UA(T )]| = cos s0
2
, (8)
such that s0 ∈ [0, π]. The quantity s0 is nothing but the
arccos of the visibility of the interference pattern be-
tween the initial and the final states and should not be
confused with the Bures angle. It is shown later in this
section that s0 is never less than the Bures angle.
We know that for pure states 2
h¯
∫
(∆H)|ψAB(0)〉 dt ≥
cos−1 |〈ψAB(0)|ψAB(T )〉| as was derived in [1, 2]. The
inequality in the extended Hilbert space now becomes a
property of the state space, i.e., 2
h¯
∫
(∆H)ρ dt ≥ s0.
This says that the total distance travelled by the density
operator ρ(t) as measured by the metric (7) is greater
than or equal to the shortest distance between ρ(0) and
ρ(T ) defined by s0. Using the inequality and the fact
that the system Hamiltonian H is time independent, we
get the time limit of the evolution as
T ≥ h¯
∆H
cos−1 |Tr[ρA(0)UA(T )]|. (9)
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This is one of the central result of our paper with the
help of the new metric. This same idea can be extended
for the quantum system with time dependent Hamilto-
nian. The speed limit in this case is given by
T ≥ h¯
∆H
cos−1 |Tr[ρA(0)UA(T )]|, (10)
where ∆H = ( 1
T
∫ T
0
∆Hdt) is the time averaged en-
ergy uncertainty of the quantum system. This may be
considered as generalization of the Anandan-Aharonov
geometric uncertainty relation for the mixed states. This
bound is better and tighter than the bound given in
[27, 53] and reduces to the time limit given by Anan-
dan and Aharonov [2] for pure states. There can be
some states called intelligent states and some optimal
Hamiltonians for which the equality may hold. But in
general, it is highly non-trivial to find such intelligent
states [23, 25].
To see that Eq. (9) indeed gives a tighter bound,
consider the following. We suppose that a system in
a mixed state ρA evolves to ρ′A under UA(t). Let
S and S′ are the sets of purificatons of ρA and
ρ′A respectively. In [27, 53, 17], time bound was
given in terms of Bures metric [59, 60, 61, 62], i.e.,
min|ΨAB〉,|ΦAB〉 2 cos
−1 |〈ΨAB|ΦAB〉| [59], such that
|ΨAB〉 ∈ S and |ΦAB〉 ∈ S′. But in Eq. (9), the
time bound is tighter than that given in [27, 53, 17]
in the sense that here the bound is in terms of s0,
i.e.,s0= 2 cos−1 |〈ΨAB|ΦAB〉|, such that |ΦAB〉 =
UA ⊗ IB |ΨAB〉 and hence, s0 is always greater than
or equal to the Bures angle [59, 60, 61, 62] defined as
2cos−1[Tr
√
ρ
1
2
Aρ
′
Aρ
1
2
A]. However, if ρ is pure then the
time bound given using our metric and the Bures metric
are the same.
We have defined here the QSL based on an operation
dependant metric, whereas the speed limits that exist in
literature are operation independent. Our result can be
experimentally measurable whereas the existing results
[27, 53, 17] including the QSL in [55] cannot be mea-
sured directly. This is because we do not know yet how
to measure the Bures metric and Uhlmann metric exper-
imentally.
Furthermore, using our formalism, we can derive a
ML time bound [24] for the mixed state. Let us consider
the system A with a mixed state ρ(0) at time t=0. Let
ρ(0) =
∑
k λk|k〉〈k| be the spectral decomposition of
ρ(0) and it evolves under a unitary operator U(T ) to a
final state ρ(T ). In this case, we have
Tr[ρ(0)U(T )] =
∑
n
pn(cos
EnT
h¯
− i sin EnT
h¯
), (11)
where we have used |k〉=∑n c(k)n |ψn〉, and |ψn〉’s are
eigenstates of the HamiltonianH withH |ψn〉=En|ψn〉,
and pn=
∑
k λk|c(k)n |2 with
∑
n pn = 1. Using the in-
equality cosx ≥ 1 − 2
π
(x + sinx) for x ≥ 0, i.e., for
positive semi-definite Hamiltonian, we get
Re[Tr[ρ(0)U(T )]] ≥ [1− 2
π
(
T 〈H〉
h¯
+
∑
n
pn sin
EnT
h¯
)].
(12)
Then, from Eq. (12), we have
T ≥ πh¯
2〈H〉 [1−Re+
2
π
Im], (13)
where Re and Im are real and imaginary parts of
Tr[ρ(0)U(T )] and they can be positive as well as neg-
ative. Note that when Re and Im are negative, this
can give a tighter bound. This new time bound for
mixed states evolving under unitary evolution with non-
negative Hamiltonian reduces to h4〈H〉 , i.e., the ML [24]
bound in the case of evolution from one pure state to its
orthogonal state. Therefore, the time limit of the evo-
lution under unitary operation with Hamiltonian H be-
comes
T ≥
{
max{ s0h¯2∆H , πh¯2〈H〉 (1 + 2π Im−Re) if H ≥ 0
h¯s0
2∆H otherwise.
(14)
Similar results have also been shown in [55]. But
these bounds can further be improved using an im-
proved Chau [51, 41] bound for mixed states using our
formalism. Using the inequality |Re(z)| ≤ |z| and
a trigonometric inequality cosx ≥ 1 − A|x|, where
A ≈ 0.725 as found in [41], we get V = |Tr(ρU)| ≥
|∑n pn cos(EnTh¯ )| ≥ 1 − ATh¯ ∑n pn|En|. Therefore,
the time bound is given by
T ≥ (1− V )h¯
A < E >
, (15)
where < E > is the average energy. It can be further
modified to get a tighter bound as given by
T ≥ Tc ≡ h¯
A
(1− V )
EDE
, (16)
where EDE is the average absolute deviation from the
median (AADM) of the energy as defined by Chau, i.e.,
EDE =
∑
n pn|En −M | with M being the median of
the En’s with the distribution pn. The above bound is
tighter time bound than that given in Eq. (9) depending
on the distribution formed by the eigenvalues of H for
a sufficiently small visibility (V ) [41]. Moreover, this
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new bound is always tighter than the Chau bound [41].
This is because of the fact that V ≤ Tr
√
ρ
1
2 ρ′ρ
1
2 .
In the following, we have taken an example in the two
dimensional state space and shown that the inequalities
in Eq. (14) are indeed satisfied by the quantum system.
4. Example of speed limit for unitary evolution
We consider a general single qubit state ρ(0) =
1
2 (I + ~r.~σ), such that |r|2 ≤ 1. Let it evolves under
a general unitary operator U , i.e., ρ(0) → ρ(T ) =
U(T )ρ(0)U †(T ), where U = e−iah¯ (nˆ.~σ+αI), a = ω.T
and the Hamiltonian H = ω(nˆ.~σ+αI) (~σ= (σ1, σ2, σ3)
are the Pauli matrices and nˆ is a unit vector). This
Hamiltonian H becomes positive semi-definite for α ≥
1. It is easy to show, that for α = 1,
s0 = 2 cos
−1

 [cos2
a
h¯
− (nˆ.~r) sin2 a
h¯
]2+
cos2
a
h¯
sin2
a
h¯
(1 + nˆ.~r)2


1
2
,
where ∆H=ω
√
1− (nˆ.~r)2, Re = [cos2 a
h¯
−
(nˆ.~r) sin2 a
h¯
], Im = − cos a
h¯
sin a
h¯
(1 + nˆ.~r) and 〈H〉 =
ω(1 + ~r.nˆ). Using the inequality (14), for α = 1 =
h¯ = ω and a = π/2, we get that the initial state
evolves to ρ(T ) = 12 (I+~r′.~σ), where ~r′ = (2n1(nˆ.~r)−
r1, 2n2(nˆ.~r) − r2, 2n3(nˆ.~r) − r3) with evolution time
bound given by
T ≥ max{ cos
−1(nˆ.~r)√
1− (nˆ.~r)2 ,
π
2
} = π
2
. (17)
This shows that the inequality is indeed tight (satu-
rated). For simplicity, we consider a state with pa-
rameters nˆ = ( 1√
2
, 1√
3
,− 1√
6
) and ~r = (0, 0, 12 ) as
an example. Then the state ρ(0) under the unitary
evolution U(T ) becomes ρ(T )= 12 (I + ~r′.~σ), such that
~r′ = (− 4
√
3
15 ,
√
2
15 ,− 16 ). Therefore, the time bound given
by Eq. (14) is approximately max[1.09, 0.86], i.e., 1.09
in the units of h¯ = ω = 1. But a previous bound [27, 53]
would give approximately 0.31. This shows that our
bound is indeed tighter to the earlier ones.
In the sequel, we discuss how the geometric uncer-
tainty relation can be measured experimentally. This is
the most important implication of our new approach.
5. Experimental proposal To measure speed limit
Arguably, the most important phenomenon that lies at
the heart of quantum theory is the quantum interference.
Figure 1: Mach-Zender interferometer. An incident state ρ is beamed
on a 50% beam splitter B1. The state in the upper arm is reflected
through M and evolved by a unitary evolution U and the state in the
lower arm is evolved by an another unitary evolution U ′ and then
reflected through M′. Beams are combined on an another 50% beam
splitter B2 and received by two detectors D and D′ to measure the vis-
ibility. By appropriately choosing different unitaries, one can measure
the quantum speed and the time limit.
It has been shown that in the interference of mixed quan-
tum states, the visibility is given by V = |Tr(ρU)| and
the relative phase shift is given by Φ = Arg[Tr(ρU)]
[58]. In quantum theory both of these play very im-
portant roles and they can be measured in experiments
[63, 64]. The notion of interference of mixed states has
been used to define interference of quantum channels
[65]. For pure quantal states, the magnitude of the visi-
bility is the overlap of the states between the upper and
lower arms of the interferometer. Therefore, for mixed
states one can imagine that |Tr(ρU)|2 also represents
the overlap between two unitarily connected quantum
states. As defined in this paper, this visibility can be
turned into a distance between ρ and ρ′ = UρU †. In
Fig. 1, we pass a state ρ of a system through a 50%
beam splitter B1. The state in the upper arm is reflected
by M and evolved by a unitary evolution operatorU and
the state in the lower arm is evolved by U ′ and then re-
flected through M′. Both the beams in the upper and
lower arms are combined on an another 50% beam split-
ter B2. The beams will interfere with each other. Two
detectors are placed in the receiving ends and visibility
of the interference pattern is measured by counting the
particle numbers received at each ends. To measure the
Bargmann angle, we apply U = U(T ) in one arm and
U ′ = I in another arm of the interferometer. The visi-
bility |Tr[ρ(0)U(T )]| = cos s02 will give the Bargmann
angle s0. To measure the quantum speed v = 2∆Hh¯ , one
can apply U = U(t) in one arm of the interferometer
and one applies U ′ = U(t + τ), where τ is very small
in another arm of the interferometer. Then, the visibil-
ity will be |Tr[ρ(t)U(τ)]|. Hence, the quantum speed
can be measured in terms of this visibility between two
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infinitesimally unitarily evolved states using the expres-
sion V 2 = |Tr[ρ(t)U(τ)]|2 = 1 − 14v2τ2. One can
choose τ to be very short time scale with τ ≪ T . Once
we know the visibility (the value of s0) then we can
verify the speed limit of the evolution for mixed states.
Thus, by appropriately changing different unitaries, we
can measure the quantum speed and hence the speed
limit in quantum interferometry. One can also test the
ML bound using our interferometric set up. Note that
R and I of Eq. (14) can be calculated from the relative
phase Φ of quantum evolution together with the visibil-
ity V . The relative phase Φ of mixed state evolution can
be measured by determining the shift in the interference
pattern in the interferometer [63, 64]. Therefore, with
prior knowledge of average of the Hamiltonian, one can
test the ML bound for the mixed states. It should be
noted that the measurement of the speed limit based on
Bures metric requires the state tomography, whereas our
bounds can be directly measured in the interference ex-
periment and does not need to do the state tomography.
The notion of time bound can be generalized also for
the completely positive trace preserving (CPTP) maps.
In the next section, we derive the QSL for CPTP maps.
6. Speed limit under CPTP map
The metric defined in the paper gives the distance be-
tween two states which are related by unitary evolution.
Now, consider a system A in a state ρA(0) at time t = 0,
which evolves under CPTP map E to ρA(T ) at time
t = T . The final state ρA(T ) can be expressed in the
following Kraus operator representation form as
ρA(T ) = E(ρA(0)) =
∑
k
Ek(T )ρA(0)E
†
k(T ), (18)
where Ek(T )’s are the Kraus operators with∑
k E
†
k(T )Ek(T ) = I . We know that this CPTP
evolution can always be represented as a unitary evo-
lution in an extended Hilbert space via the Stinespring
dilation. Let us consider, without loss of general-
ity, an initial state ρAB(0) = ρA(0) ⊗ |ν〉B〈ν| at
time t = 0 in the extended Hilbert space. Here, ν
is the initial state of the ancilla and it is in one of
the basis state (of some chosen observable). The
combined state evolves under UAB(T ) to a state
ρAB(T ) such that ρA(T ) = TrB[ρAB(T )] = E(ρA(0))
and Ek=B〈k|UAB(T )|ν〉B [60]. Therefore, the time
required to evolve the state ρA(0) to ρA(T ) under the
CPTP evolution is the same as the time required for
the state ρAB(0) to evolve to the state ρAB(T ) under
the unitary evolution UAB(T ) in the extended Hilbert
space. One can also define the metric in the extended
Hilbert space as
D2UAB = 4(1− |Tr(ρAB(0)UAB(T ))|2). (19)
Following the QSL for unitary case, we get the time
bound to evolve the quantum system from ρA(0) to
ρA(T ) as
T ≥ h¯s0
2∆HAB
, (20)
where HAB is the time independent Hamiltonian in the
extended Hilbert space and s0 is defined as
cos
s0
2
= |Tr[ρAB(0)UAB(T )]|. (21)
Note that the energy uncertainty of the combined sys-
tem in the extended Hilbert space ∆HAB can be ex-
pressed in terms of speed v of evolution of the system
and the Bargmann angle s0 can be expressed in terms of
operators acting on the Hilbert space of quantum sys-
tem. To achieve that, we express probability ampli-
tude TrAB[UAB(T )(ρA(0)⊗ |ν〉B〈ν|)] in the extended
Hilbert space in terms of linear operators acting on the
Hilbert space of quantum system as
TrAB[UAB(T )(ρA(0)⊗ |ν〉B〈ν|)]
= TrA[ρA(0)Eν(T )], (22)
where Eν(T )=B〈ν|UAB(T )|ν〉B . Here,
|TrA[ρA(0)Eν(T )]|2 is the transition probabil-
ity between the initial state and the final state of
the quantum system under CPTP map. Note that
the chosen Eν depends on the initial ancilla state
(even though the CP map does not depend on
that). If the initial state of the ancilla is an ar-
bitrary state |e〉, the Eq. 22 can be expressed as
Tr[UAB(ρA(0) ⊗ |e〉〈e|)] = TrA[EkρA(0)c∗k], where
Ek = 〈k|UAB|e〉 and ck = 〈k|e〉. Therefore, we can
define the Bragmann angle between ρA(0) and ρA(T )
under the CPTP map as
|TrA[ρA(0)Eν(T )]| = cos s0
2
. (23)
Similarly, we can define the infinitesimal distance be-
tween ρAB(0) and ρAB(dt) connected through unitary
evolution UAB(dt) with time independent Hamiltonian
HAB as
dD2UAB(dt) = 4(1− |Tr[ρAB(t)UAB(dt)]|2)
= 4(1− |Tr[ρAB(0)UAB(dt)]|2)
= 4(1− |Tr[ρA(0)Eν(dt)]|2). (24)
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Now, keeping terms upto second order, we get the in-
finitesimal distance as
dD2 =
4
h¯2
[Tr(ρA(0)H˜2A)− [Tr(ρA(0)H˜A)]2]dt2,
(25)
where H˜A=B〈ν|HAB |ν〉B and H˜2A=B〈ν|H2AB |ν〉B .
Therefore, the speed of the quantum system is given by
v2 =
4
h¯2
[Tr(ρA(0)H˜2A)− [Tr(ρA(0)H˜A)]2]. (26)
Note, that this is not a fluctuation in H˜A. This is because
H˜A
2 6= H˜2A. Here, H˜A can be regarded as an effective
Hamiltonian for the subsystem A. Note that the speed
can be expressed as
v2 = (∆H˜)2 + Tr(ρA(0)H˜2)− Tr(ρA(0)H˜2). (27)
Hence, the time bound for the CPTP evolution from Eq.
(20) becomes
T ≥ 2
v
cos−1 |TrA[ρA(0)Eν(T )]|, (28)
Here the interpretation of this limit is different from
that of the unitary case. The transition probability in
unitary case is symmetric with respect to the initial and
the final states. Hence, the time limit can be regarded as
the minimum time to evolve the initial state to the final
state as well as the final state to the initial state. But
the transition probability defined for positive map is not
symmetric with respect to the initial and final states of
the quantum system. In this case, time limit can only be
regarded as the minimum time to evolve the initial state
to the final state.
Since we have mapped the time bound to evolve an
initial state ρA(0) to the final state ρA(T ) under CPTP
evolution with the time bound of corresponding unitary
representation ρAB(T ) = UAB(T )ρAB(0)U †AB(T ) of
the CPTP map in the extended Hilbert space, this speed
limit can be measured in the interference experiment by
interfering the two states ρAB(0) and ρAB(T ) in the ex-
tended Hilbert space.
We provide here an example of a general sin-
gle qubit state ρA(0)= 12 (I + ~r.~σ) at time t=0, such
that |r|2 ≤ 1 evolving under CPTP map E . It
evolves to ρA(T ) at time t=T under completely pos-
itive trace preserving (CPTP) map E : ρA(0) →
E(ρA(0))=ρA(T )=
∑
k Ek(T )ρA(0)E
†
k(T ). This evo-
lution is equivalent to a unitary evolution of ρAB(0) =
1
2 (I + ~r.~σ)⊗ |0〉〈0| → ρAB(T ) as
ρAB(T ) = UAB(T )ρAB(0)U
†
AB(T ) (29)
in the extended Hilbert space. The unitary evolution is
implemented by a Hamiltonian
H =
∑
i
µiσ
i
A ⊗ σiB . (30)
This is a canonical two qubit Hamiltonian
up to local unitary operators. With the uni-
tary UAB(T )=e−
iT
h¯
(
∑
i
µiσ
i
A
⊗σi
B
)
, we have the
Kraus operators E0(T )=B〈0|UAB(T )|0〉B and
E1(T )=B〈1|UAB(T )|0〉B and it is now easy to
show from Eq. (28) that the time bound for this CPTP
evolution is given by
T ≥ h¯ cos
−1K√
µ21 + µ
2
2 + µ
2
3(1 − r23)− 2µ1µ2r3
, (31)
where K=[(cos θ1 cos θ2 cos θ3 +
r3 sin θ1 sin θ2 cos θ3)
2 + (sin θ1 sin θ2sinθ3 +
r3 cos θ1 cos θ2 sin θ3)
2]
1
2 and θ1=µ1Th¯ , θ2=
µ2T
h¯
and
θ3=
µ3T
h¯
. If we consider θ1=π, θ3=π then this bound
reduces to T ≥ h¯θ2√
µ2
1
+µ2
2
+µ2
3
(1−r2
3
)−2µ1µ2r3
. One can
also check our speed bound for various CPTP maps and
it is indeed respected.
7. Conclusion
Quantum Interference plays a very important role in
testing new ideas in quantum theory. Motivated by in-
terferometric set up for measuring the relative phase
and the visibility for the pure state, we have proposed a
new and novel measure of distance for the mixed states,
which are connected by the unitary orbit. The new met-
ric reduces to the Fubini-Study metric for pure state.
Using this metric, we have derived a geometric uncer-
tainty relation for mixed state, which sets a QSL for ar-
bitrary unitary evolution. In addition, an ML bound and
an improved Chau bound is derived using our formal-
ism. These new speed limits based on our formalism are
tighter than any other existing bounds. Since, the design
of the target state is a daunting task in quantum control,
our formalism will help in deciding which operation can
evolve the initial state to the final state faster. Recently,
an experiment was reported, which is the only experi-
ment, where only a consequence of the QSL was tested
and any experimental test of the QSL itself is still lack-
ing. Here, we have proposed an experiment to measure
this new distance and quantum speed in the interference
of mixed states. The visibility of the quantum interfer-
ence pattern is a direct measure of distance between two
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mixed states of the quantum system along the unitary or-
bit. We have shown that by appropriately choosing dif-
ferent unitaries in the upper and lower arm of the inter-
ferometer one can measure the quantum speed and the
Bargmann angle. This provides us a new way to mea-
sure the quantum speed and quantum distance in quan-
tum interferometry. We furthermore, extended the idea
of speed limit for the case of density operators under-
going completely positive trace preserving maps. We
hope that our proposed metric will lead to direct test
of QSL in quantum interferometry. Our formalism can
have implications in quantum metrology [66], precision
measurement of the gravitational red shift [67] and grav-
itationally induced decoherence [68] with mixed states
and other areas of quantum information science.
Note: Recently, a number of papers have appeared
on QSL relating it with the quantum coherence or asym-
metry [69, 70], leakage and decoherence [71], genera-
tion of non-classicality [72] and also with the quantum
Fisher information [73].
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